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665. 


A MEMOIR ON THE DOUBLE $8-FUNCTIONS. 


[From the Journal fiir die reine und angewandte Mathematik (Crelle), t. LXXXV. (1878), 
pp. 214—245.] 


I RESUME my investigations on these functions; see my two papers, Crelle, 


t. LXXXIII. (1877), pp. 210—233; [662] and [663]. But it is proper in the first 
instance to develope in a corresponding manner, the theories of the circular (or 


exponential) functions, and of the single $-functions. 


Part I. Preliminary investigations. 


Starting from the differential relation. 


Ox 


ou = = 
Va—g.b— a 


between the variables u and w, I write for shortness the single letters A, B, Q, 
instead of functional forms A (u), B (u) Q(u), to denote funetions of u; and 1l 


assume as definitions the equations 
A=0Va—-a, 


Euan, 


and another equation to be presently mentioned: these two equations imply between 


A, B, Q the algebraical relation 
A? — Be = Q (a — b). 


Differentiating, we obtain 


TPE A Nk ac A LE oag a 


9Va—-a@ 
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that is, 
A 


0A = 5 02 - 4B u, 


and similarly 
B 
3B = g’? -44A õu, 
whence 


A ðB — BoA =— 4 (4? — B?) ou. 
Proceeding to a second differentiation, we find 


A B , 


Biz; A 
PB = 5 PO -gL du + 4B uy, 
and thence 
P 2 


AA —(0AY =f; (QO — (AO) + (42 BY Guy, 


BoB — OB} = (0 P0 — (00) + 1B — 4°) (Ou). 


To simplify these we assume (as the third equation above referred to) 


Q POQ — (Q$ =0. 
The last-mentioned two equations then become 
A&A -— (0AF = 4 (4A — B?) (uF, 
B&B — (BF = 4} (B? — A?) (uy, 


185 


which several equations contain the theory of the functions A, B, Q: we have as 


their general integrals 
A= the Va —} {eut + eiut], 
B sopra’ Ae Va Ax b {ebut) poe eset} 
X= Ae, 


where A, 2, v are arbitrary constants. Forming the quotients A: Q, 


B:Q, and 


introducing the notations cosh, sinh, of the hyperbolic sine and cosine, also writing 


for simplicity v= 0, the equations give 
Va—a= Va—bcosh fu, 
Vb — s =—Na —b sinh } u, 
which express the integral of the differential relation 
Ox 


Vege obo oF 


ou 
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Instead of considering in like manner the radical Va—2.b—a#.c—a, I pass at once 
to the radical Va—a#.b—a.c—a.d—«x; and starting from the differential relation 


ou sete USN at — 


and using the single letters A, B, ©, D, Q to denote functions of u, I assume as 
definitions 


A=Q Va—za, 
B=Qvb-=rx, 
C =2 Vc —2, 
D=QNd z, 


and another equation to be presently mentioned; A, B, ©, D are called $-functions, 
and Q is called the w-function. 


But before proceeding further I introduce some locutions which will be useful. 
In reference to a given set of squares or products, I use the expression a sum of 
squares to denote the sum of all or any of the squares each multiplied by an 
arbitrary coefficient; and in like manner a sum of products to denote the sum of 
all or any of the products each multiplied by an arbitrary coefficient: in particular, 
the set may consist of a single square or product only, and the sum of squares or 
products will then denote the single term multiplied by an arbitrary coefficient. In 
the present case, we have the quantities Va—a, Vb— aw, Ve—a, Vd—a, and the squares 
are a—g, b— x, etc., which belong all to the same set; but the products (meaning 
thereby products of two quantities) ya —s.b— s, etc., are considered as being each of 
them a set by itself A sum of squares is thus a linear function A+, and 
conversely any such function is a sum of squares; a sum of products means a single 
term vVa—a.b—« (or vVa—«a@.c—@, etc, as the case may be), and conversely any 
such function is a sum of products: the coefficients A, w, v may depend upon or 
contain ©, and in differential expressions (ðu ‘being therein considered constant) the 
coefficients A, m, v may contain the factor du or (du)*—and if convenient we may of 
course express such factor by writing the coefficients in the form Adu, or A(du) 
etc., as the case may be. 


We may now explain very simply the form, as well of the algebraical relations, 
as of the differential relations of the first and second orders respectively, which 
connect the functions A, B, C, D. 


The functions A, B?, ©, D? are each of them a sum of squares, and hence there 
exists a linear relation between any three .of these squares. But the products AB, 
AC, etc, are each of them a sum of products (meaning thereby a single term, as 
already explained); and hence there is not any linear relation between these products. 


Considering the first derived functions 0A, ðB, etc., these each contain a term 
in ðQ, which however disappears (as is obvious) from the combinations A0B—BdA, 


www.rcin.org.pl 


665 | A MEMOIR ON THE DOUBLE §-FUNCTIONS. 187 


etc.; and, without in any wise fixing the value of ©, we in fact find that each of 
these expressions is a sum of products; the form is, as will appear, 


A0B— BIA =a0?V¥c—a2.d—x=vCD, etc.* 

Passing to the second derived functions and forming the combinations A A —(@A)’, 
etc, each of these will contain a multiple of Q Q — (QY, but if we assume this 
expression 00°0 — (00)? = ŒM, where M is = (u) multiplied by a properly determined 
function of æ, then it is found that each of the expressions in question A A — (0A), etc., 


becomes equal to a sum of squares, that is, to a linear function 02(X+ pæ): viz. it 
is equal to a sum of squares formed with the squares A’, B, œ, D.. 


The foregoing equation 
Q EO — (OY = 02M, 


where M has its proper value, is the other equation above referred to, which, with 


the equations A =Q Va—a, etc., serves for the definition of the functions A, B, O, D, Q; 
it may be mentioned at once that the proper value is 


M = } (Ou) {- 207+ a2(a+b+c+4+d)+x}, 


where « is a constant, symmetrical as regards a, b, c, d, which may be taken =0, 
but which is better put 
=+6+ c+ d?—ab—ac—ad — be — bd — cd. 
For the proof of the formula, I introduce and shall in general employ the 
abbreviations (a, b, c, d) to denote the differences a—a, b—a, c—a, d—«: the 


differential relation between a, u thus becomes da=0uVabcd. I use also the ab- 
breviations Q PQ — (QF = AQ, ete. 


We have 
A0B— Badd = 07 (Vad Vb — Vb ð Va), 


the terms in 00 disappearing: viz. observing that da = ðb = — dz, this is 


MET (“4 - 2) ae, 


Vb wya 
r&b A 
= 40 VRT Ox ; 


or observing that a—b=a—b, and writing for da its value = abcd du, this is 


A B — BdA = — 4 (a — b) Q? Vcd du, 
= — 4 (a — b) Q? Nc — x. d — æ du, 
which is the equation expressing AðB-—BƏA as a sum of products: it is further 


obvious that the value is 
=— 4 (a— b) CD ðu. 


* It is hardly necessary to remark that a, v contain each of them the factor ðu; and the like in other 
cases. 


24—2 
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Proceeding next to find the value of AA, =A0?A—(0A), = A*@?log A, it is to 
be remarked that we have in general 


APQ = PAQ + @AP, 


and therefore also AP?=2P?AP, and consequently AVP -2 AP. Hence starting from 
Aa ya, we have 
AA =aA0D + or ¥ aa, 


where Aa=—ad’x—(0xv). I assume that we have AQN=0?M=130?S(0u), where S 
denotes a function of x which is to be determined: the equation thus becomes 


AA = 10? {aS (du)? — 2x — 2 (Ax) ; 


we have (0#)?=abed (du), and thence, differentiating and omitting on each side the 


factor 0x, we obtain 
20° = — (abe + abd + acd + bed), 


and the equation becomes 
AA = 430? {a (S + be + bd + ed) — bed} (du)?, 


which is to be simplified by assuming a proper value for S; in order that the same 
simplification may apply to the formule for AB, etc., it is necessary that S be 
symmetrical in regard to a, b, c, d. 


Writing for the moment J’, c’, d’ to denote b—a, c—a, d—a respectively, we have 
b, c’, d =b—a, c—a, d—a, and thence 


b'c'd' = bed —a (be + bd + cd) +a? (b + c +d) —a', 

and consequently 

a (bc + bd + cd) — bed = — b'c'd' +a? (b +c +d- a): 
hence, in the expression of AA, the factor which multiplies $0? (du)? is 

a{S+a(b+c+d-—a)} -bed 
viz. the expression added to S is 
(a—2)(b+c+d—a-— 2s), 
=a(b+c+d—a)—a(a+b4+c+d) +22. 

Hence assuming 


S=-2¢+u(a+b+c+d)+x, 


« being a constant symmetrical in regard to a, b, c, d, which may be at once taken 
to be =a? +b +c? + d?—ab —ac — ad —be — bd — cd; then writing also 


=V+e+d?—be-—bd—-cd, p=—Ve'd'=a—b.a-—c.a-d, 


the expression a{S+a(b+c+d-—a)}—JU’c'd’ becomes =ar+p; and the sought for 


equation thus is 
AA = AGA — 0A} =} X (ar + n) (Ou), 
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the equation in © being of course 
AQ = 1 #0 — (60)? = 4.0? {— 2a? + w (a +b++ c+ d) +x} uy. 
The theory in regard to the second derivatives is thus completed. 


To adapt the formule to elliptic integrals, and ordinary H and ® functions, the 
radical must be brought to the form Væ. 1—s.1-— kw. Writing for this purpose 


a, b c, d=- Ph 0,1 (im a), 


? i 
substituting also n for u, and ikĪ.A, iB (i=V—1 as usual) for A, B respectively, 


we find Va—a2.b—a2.c—x2.d—x=IVz.1—a2.1—Ka; and then 


0x 
20u = 
Ve.1—x2.1—kex 


and 


A =Q, B=0OV2, C=OV1—2a, D=70Vi- Fe. 


Q is in this case =A, a S-function: and in the equation for AQ, writing A in 
place of Q, the equation becomes 


AGA — (QAP =}.4? |- 2a? +0(— I) + x} 4 — 


viz. replacing 7 by a new constant, =) suppose and finally putting J =, this is 
A FA — (0A)? = A? (X— kes) (Ou). 


The differential equation is satisfied by #=sn’u, giving 1—w=cn*u, 1—kKa=dn*u 
and the equation for A then is 


e log A =(A — k? sn?u) (du), 
or say 
ree Leh! eja J ausntw 
viz. by properly assuming the constants L, ^, we shall have A =Jacobi’s function @uw: 


and then snu= J > ua, dn u =", which will give the ordinary expressions of 


sn, cn, dn in terms of H, ©. 


Part II. The double S-functions. 


Passing now to the double S-functions, and writing for a moment 
VX =Va—-«.b—a.c—a2.d—a.e—«.f—2@, 
VV =Va-y.b—y.c—y.d—y.e—-y.f—y, 
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the differential equations which connect u, v with g, y are 


Ox Oy 
Ou = Vx JY’ 

woe, yoy 
ov = yx t VY" 


There are here sixteen $-functions A, B, C, D, E, F, AB, AC, AD, AE, BC, BD, BE, 
CD, CE, DE, and an associated w-function Q, where for shortness I use the single and 
double letters A, B,..., AB, ..., Q, instead of functional expressions A (u, v), B (u, v),.., 
AB(u, v),..,Q(u, v), to denote functions of the two letters u, v Writing also 
(a, b, c, d, e, f) for the differences a—a, b— x, etc., and (a, bi, q, di, &, f) for the 
differences a — y, b— y, etc., whence ~X =WVabedef and VY =Va,b,c,d,e,f,, and 0 for 
the difference æ— y, we have sixteen æy-functions which are represented by 


Va, Vb, Ve, yd, Ve, Vf, Nab, Vac, Vad, Vae, Vbe, Vbd, ~be, Ved, ~ce, ~de, 
the values of which are 


Va =Vaa,, (six equations), 


Vab = 5 {Vabfe,d,e, — Va,b,f,cde}, (ten equations), 


and the definitions of the sixteen -functions and the w-function are 


A=Q ya, (six equations), 


AB=0V. ab, (ten equations), 


and one other equation to be afterwards mentioned. 


I call to mind that, in a binary symbol such as Vab, it is always f that accom- 
panies the two expressed letters a, b: the duad ab is, in fact, an abbreviated expression 
for the double triad abf.cde: and I remark also that I have for greater simplicity 
omitted certain constant factors which, in my second paper above referred to, were 
introduced as multipliers of the foregoing functions va, ..., Vab,... I remark also that, 
to avoid confusion, the square of any one of these functions Va or Vab is always 


written (not a or ab, but) (ya} or (Vab. 
I use ð as a symbol of total differentiation : thus 


EF ccd OE Ren 
dv 


ae (Ou dv) oe = (any, ete. 


ov, A= PE Ou) OE Pria es = 


Moreover I consider du and ðv as constants, and use single letters ^, L, ete, to 
denote linear functions aðu +8 ðv, or quadric functions a (du)? +28 du v + y (dv)? (as the 
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case may be) of these differentials; thus, in speaking of AOB-—BOA as a sum of 
products, it is implied that the coefficients of the several products are linear functions 
of du, dv; and so in speaking of A&A -— (9AF as a sum of squares, it is in like 
manner implied that the coefficients of the, several squares are quadric functions of 
du, Ov. 


An zy-function is simplex, such as ya, or complex, such as Vab; the square of 
the former is aa,=a?—a(x+y)+ay, which is of the form A+ pu(æ+y)+ vey; the 
square of the latter is 


5 x {abfe,dye, + a,b,fede — 2 VX P}, 


where observe that the irrational part — aay XY is the same for all these squares: 


so that, taking any two such squares, their difference is = L multiplied by a rational 


0 

function of wy: this rational function in fact divides by @, the quotient being a rational 
and integral function of the foregoing form A + p (æ +y)+vsæy. Hence selecting any one 
of the complex functions, say vde, the square of any other of the complex functions 
is equal to the square of this plus a term A+ p(@+y)+væy; and hence the square 
of any function simplex or complex is of the form + pu (æ+y)+væy+ p(vde; this 
being so, the squares of the wy-functions may be regarded as forming a single set; 
every sum of squares is a function of this form N+ pu(e+y)+vey+p(vde}; and 
conversely every function of this form is a sum of squares. A sum of squares thus 
depends upon four arbitrary coefficients à, m, v, p; and we may, in an infinity of 
ways, select four out of the 16 squares such that every sum of squares can be 
represented as a sum of these four squares each multiplied by the proper coefficient ; 
say as a sum of the selected four squares: in particular, each of the remaining 
squares can be expressed as a sum of the selected four squares. It appears, by the 
first of my papers above referred to, that there are systems’ of four squares connected 
together by a linear equation: we are not here concerned with such systems; only 
of course the four selected squares must not belong to such a system. 


We have the products of the xy-functions, where by product is meant a product 
of two functions. The number of products is of course =120, but distinguishing these 
according to the radicals which they respectively contain, they form 30 different sets. 
Thus we: have 


vb Vab = 5 [b Vakbie,de, — b, Va;fibede}, 


Je Vac oF 5 fe ” ee ” fs 
vdVad = : {d ” ay d, » r 
vevae=3 fe ” — Ci ” i, 
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which four expressions form a set, and there are 15 such sets. The set written 
down may be called the set af: and the fifteen sets are of course ab, ac, etc. 


Again, we have 


VaVb= Vabayb,, 
ie View p: {(cfd,e, + c,f,de) Vaba,b, — (ab, + a,b) Vedefe,de,h}, 
Vad Vbd = ji {(dfce, +difice) oo — $ i p 
Vae Vbe — z {(efe,d, =| e,f,cd) » mee » » b 


which four expressions form a set, and there are 15 such sets. The set written down 
may be called the set aba,b,: and the fifteen sets are of course aba,b,, aca,q, etc. 
The 15 and 15 sets make in all 30 sets as mentioned above. 


The expression, a sum of products, means as already explained a sum of products 
belonging to the same set; and there are thus 30 forms of a sum of products. The 
products of the same set are connected by two linear relations, so that, selecting at 
pleasure any two of the products, the other two products can be expressed each of 
them as a linear function of these; hence a sum of products contains only two 
arbitrary coefficients. 


Reverting now to the equations A = Q ya, etc., we see at once the form of the 
algebraical equations which connect the 16 %-functions. Every squared function 
A?,..., (AB), ... is a sum of squares, whence selecting (as may be done in a great 
number of ways) four of these squared functions, each of the remaining 12 squares is 
a sum of these four squares each multiplied by the proper coefficient; or say it is a 
sum of the four selected squares. -And in like manner the 120 products of two of 
the 16 functions form 30 sets, such that selecting at pleasure two of the set, the 
remaining two of the set are each of them a linear function of these. 


Considering the first derived functions 0A, ðB, ..., AB, ..., each of these contains a 
term in 00; but 0 disappears (as is obvious) from the several combinations JdJ—J oI 
(I write J and similarly J to denote indifferently a single letter A or a double letter 
AB): and, without in any wise fixing the value of Q, we in fact find that each of 
these expressions is a sum of products. 


Passing to the second derived functions, and forming the combinations A 0?A — (0AF, 
etc., or to include the two cases of the single and the double letter, say J0°J —(0l)’, 
each of these will contain a multiple of QQ — (NY; but if we assume this expression 
Q 20 —(00)=02M, where M is a quadric function of du, dv, the coefficients of 
(du)?, dwdv, (dv)? being properly determined functions of wy, then it is found that each 
of the expressions in question ZI — (oJ)? becomes equal to a sum of squares. 


It is to be observed that M is not altogether arbitrary: the equation as con- 
taining terms in (ðu), dwdv, and (dv), in fact represents three partial differential 
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equations, which for an arbitrary value of M would be inconsistent with each other : 
it is therefore necessary to verify that the value assigned to M is such as to render 
the three equations consistent with each other, and this will accordingly be done. 


The foregoing equation 
Q EO — (OY = 02M, 


where M has its proper value, (or say the three partial differential equations into which 
this breaks up), constitutes the other equation above referred to, which with the original 
equations A =Q ya, etc., serve to define the sixteen -functions and Q. 


The remainder of the present memoir is occupied with the analytical investigation 
of the foregoing theorems. Although the mere algebraical work is very long, yet it 
appears to me interesting, and I have thought it best to give it in detail. 


The analytical theory: various subheadings. 


The equations 


_ O@ oy 
i A 
_ xos yoy 
me oe Par | 
give 
00a _ 0 dy _ 
T AA Wee ee lai 


which determine dx, dy in terms of du, dv. A different form is sometimes convenient ; 
writing ðw =v — au, and recollecting that a, a, denote a—#, a—y respectively, the 
equations become 


ce = Oe + 0,04, -1H =e +adu. ° 


Expression for ð xa. 
We have 


— 1 1 
AE + a, da) = = a ete) 
saad 
2 Vaa 0 
substituting for VX, ~Y their values Vabedef, Va,b,¢,d,e,f,, this is 


{a VY (dv— æ du) —a, VX (dv — uo): 


S l (Vab,c,d,e,f, (dv — æ u) —Va,bedef (dv — y du)}, 


and by the mere interchange of letters we can of course find yb, etc. 
"O E 25 
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Expression for dV ab. 
We have next to find 
| aVab =0 5 Wable,de, — Vaxbifiede} ; 
here 
00 = ðs — əy, = ; {Vabedef (du — you) + Vabc,diexf, (dv — æ du)}, 


and consequently 0Vab contains a term 


-%8 wwabfodie, — Vab,ede}, 
which is | 
‘alee — abf Vedec,de, + cde Vabfa,b,f,) (dv — y Ou) 
g: y 


+ (—¢,d,e, Vabfa,b,f, + a,b,f, Vedec,die,) (dv — æ du)}, 


or, what is the same thing, 


cde — ¢,d 
0 


12) YB cde y a ¢,d,e, æ au) 


= 3 Vabfa,b,f, ( 


Es 4y edec,d,e, ea ov + aai mt ðu)! n 


Now 
cde RPS ¢,d,e, ku 


5 — (cd + ce + de) + (c +d +e) (æ +y) — æ — sy — Y, 


— cde y + & d,e, % 
0 


with the like formule with a, b, f instead of c, d, e. Hence the foregoing, or say 
the first, part of ð Vab is 


=cde—(c+d+e)ay+ay (x+y); 


= z; [Vabfabih, ({— (cd + ce + de) + (c+ d + e) (2 + y) — a? — wy — y} dv 
+{ cde—(c+d+ e)ay+ sy (e +y) du) 

+NVedeede,({ ab+af+bf —(a+b+f) (e +y) +a +ay+ y} ov 
+ {—abf+(a+b+/f) ay — vy (e+ y), ðu). 


The other or second part of Vab, using for shortness an accent to denote differentiation 
in regard to æ or to y, according as it is applied to a function of æ or of y, is 
readily found to be 


= z [Vabfa,b,f, ({— (ede) — (adie) } dv + { y (cdeY + æ (e,d,e,)} du) 


+ Vedeo.de, (| (abfy + (arbyf,)'} 3v + {— y (abf — æ (bif, Y} du)]. 
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Hence uniting the two terms so as to form the complete value of @Vab, we have 
first, a term z Vabi b, dv, the coefficient of which is 


=— (cd + ce + de) + (c+ d+ e) (æ +y)— & — ey- y? 
— 4 {(ede)’ + (c,d,e,)’} : 
=cd+ce+de—(c+d+e)(a+y)+$e+3y, 


this second line is 


or the coefficient is —$a°+ay—1y, =— 40; the term is thus 


= 4 Vabfa,b,f, dv. 


Secondly, a term in aN cdec,d,e, 0v which is in like manner found to be 


=—4 Vcdee,d,e, dv. 


Thirdly, a term z = a abfa,b,f, du, the coefficient of which is 
=cde—(c+d+e) xy + xy + xy? 


+4 ly (cde)’ + æ (c,d,e,))} : 
this second line is 


=—(cd+ce+de)$(a+y)+(c+d+ e) 2ay —3 ay — 3 ay’, 
and the coefficient is thus 
= 4$ {2 cde — (cd + ce + de) (æ + y) + (0 + d + e) (2 + 4?) — 2 — 4? 


— (c +d +e) (æ — yf +e — æy- aey + y}, 
which is 
=} {cde + ode, — (c + d + e) @ + (æ + y) 0}, 
or the term is 


ETNAS a jean 


-C+d+e)+a+ ytu 


And, fourthly, a term in J; Vodecidie, ðu, which is in like manner found to be 


abf + a,b,f, 


— 4 Vcdee,d,e, f T 


-(a+b+f) tety Ou. 


Hence combining these several terms, we have finally 


cde + c,d,e, 


On ghd Wate T | wp ( x 


-c-d-e+8+y)ðu] 


+ 4 Vedee,de, |= 20 — (ab f+ ary) du): 


and by the mere interchange of letters we can of course find 0 Vac, ete. 


25—2 
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196 
Expression for A0B— BOA. 


Starting now from the equations A =Q ya, B= Q yb, we obtain 


AdB— BoA = Œ {ya ð yb —/b0 Va} 
= (Vaa, {Vba,c,d, ef, (3v — z ðu) —V b,acdef (ov — y du) 


)— Va,bedef ( » )}), 


— bb, Vabadef,( o» 


se {(a, — b,) Vabe,dierf, (dv — x du) — (a — b) Vab,edef (dv — y Ou); 


or since a, —b,=a—b=a-), this is 
AodB-—BodA= es (a — b) iat abe,d,e,f, (dv — æ du) — Va,b,cdef (dv — y du)}, 
in fact, the four products of this set are 


which is a sum of products of the set ab 
e, f Vabe,d.e,f, — f, Vab,cdef}, 


Vf Nab 3 
vevde= 5 {—c ei +c z I, 
Vave=5{-d , +h 4 }, 
VeVed=si-e a +4 » J; 


choosing any two of these at pleasure, for instance the first and second, multiplying by 
dv — c õu, dv—f ðu and adding, we have 
{ (dv—cou)f Vabe,d,e.f, — (dv — c Ju) fi Va,b,cdef} 


(v — c du) Vf Nab 
+ (dv — fdu) c P 


{—(dv— fou) c R 


Sle Dr 


+ (ov — f du) Ve Vde 
J 
where the coefficients f(év—cdw)—c(dv—fodu), and fı (ðv — c 3u) — c (w — fdu), by sub- 
stituting for f, c, fi, ¢, their values, become = (f— c)(@v— æðu) and (f— c) (v -— y du); 


and the expression is thus 
ni a (abadie, (Ov — x du) — Va,b,cdef (dv — y du)} 


the original expression for A ðB — BA, it may be remarked that, if 


Reverting to 
we write ov — aðu = ðw, v — b du = ðo, then 


(a— b) (v — z du) =a ðs — bər, (a—b)(— you) = a ðo — b, 00 
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and the formula thus becomes 
AdB-—BodA= oa {Vabe,derf; (ado — b ðw) — Va,b,cdef (a, do — b, ôm )}: 
but I shall not in the sequel use this formula, or the notation ðv — b ðu = ðs introduced 
for obtaining it. 
Expression for A 0AB — ABOA. 
Starting from the equations A =Q ya and AB =Q Vab, we have 
A AB — ABIA = 02 {Vad Vab — Vab d Va}, 


where the term in { } is 
= Vam | 4 Vabfab,f, | au + (eA o d e+ a +y) ou} 
+ 4 Vedeode, f- oo — (AMP -ab f4 a4 y) aul | 
-$ (Wabfedhe, — Vabikode) [Vabieideit, (G0 — æ du) — Va,bedet (dv — y du) 


To reduce this, I write 3v -— a ðu = ðw, and therefore 
ov — x ðu = ðw +a ðu, Ov — yu =07 +a, 0u; 
then for convenience multiplying by 20°, the term is 
= aa, Vbfb,f, { Ew + [(a-—c—d—e+u+y) &+cde + cd,e,] du} 
+ Vacdeae,de; {— @ de + [ (b + f— x — y) Œ —abf —ab,f,] ou} 
— (Vabfe,die, abfe,d,e, — Va,b,f,ede a,b,f,ede) {Vab,e,d,e,f, ab,c,d,e,f, (do + a du) — y a, bedef (da +a, du)}. 
The last line hereof is | 
= Vbfbyf, {— ac,d,e, (0a + a du) — a,cde (Om + a, Ou)} 
+Vacdeaede,{ bf(do+adu)+  bf(de +a, du)}. 
Hence we have first, a term in Vacdea,c,d,e,, the coefficient of which is 
= — Ew + [(b +f- e — y) & —abf—a,b,f,] Ou + bf, (Oo + a du) + bf (Ow + a, dw), 
viz. this is ) 
= ðw (— & + bf, + bf) + du [— (a — a) (bf — bfi) + (b+ f—a — y) 0°], 
where (b —b,)(f—£) = @, that is, bf + bf, — & = bf, + b,f, also 
(a — a) (bf — bt) = (b+ f—@— y) 
or the coefficient is =(bf,+b,f)0e: viz. the term in question is 


= Vacdea,c,d,e, (bf, + bif) da. 
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We have then, secondly, a term in Vbfb,f,, the coefficient of which is 
=aa, {Pda + [(@ —c— d — e + s + y) © + cde + ede] ou} 


— ac,d,e, (Oa + a ðu) — a cde (dw + a, du), 
viz. this is 


= (aa,0? —ac,d,e, — a cde) dw + [aa, (a — c — d — e + æ + y) @ + (acde —ac,d,e,) (a — a,)] du. 

We have a—a,=—8; also acde — ac,d,e, 

= 6 {cde —a (cd + ce +de)+ (c+d+e)[a(e+y) — ay] — a (& + vy+y’)+ay(a@+y)}, 

where the coefficient of 0 is y 

=—(a—c)(a— d) (a—e)— (c +d +e) [a — a(x +y)+sy]+ (a +e +y) [ae -— a (+ y)+ ey], 


viz. it is 
=— (a — c) (a — d) (a — e) + aa (a — c — d — e +8 +y). 


Hence the coefficient in question is 
= (a ® — ac,d,e, — a,cde) dw + (a — c) (a — d) (a — e) P du, 
and the second term is =Vbfb,f,, multiplied by this coefficient. 
Hence, observing that the whole has to be multiplied by Poa we find 
AAB — ABOA = 2 @ Vacdemcdie; (bf, + bif) a 
+ Vbfb,f; [(aa,} — ac,d,e, — acde) dw + (a — c) (a — d) (a — e) & dul}, 


where I retain ðw in place of its value, = dv— a ĝu. 


This is a sum of products of the set bfb,f,: we, in fact, have 


Vac Vde = {(bf, + bif) Wacdea,c,d,e, — (acde, + a,c,de) VBFDF), 
Vadvce=,{ ,, b — (adce, +adice) ,, }, 
Vaeved=,{ , if — (aec,d, + a,e,cd) au ke 

a/b Vf = » { iR & ” iF 


and selecting any two of these, for instance the first and the fourth, the coefficient 
of io is at once seen to be of the form da Vac de + K yb4 /f; and for the determ- 
ination of K, we have 
(— acd,e, — a,¢,de) da + KO = (aa? — acidic, — a,cde) dw + (a — c) (a —d) (a — e) 6 du, 
viz. this gives 
K@ = {aa 0? + (c — c) (adie, — a,de)} da + (a — c) (a — d) (a — e) 6? du. 
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We then have 
(c — ¢,) (ad,e, — ade) = & {— aa, + (a — d) (a — e), 


and the whole equation divides by 6°; substituting for do its value, we find 


K = (a — d) (a — e) (w — c du). 


Expression for ACAB — ABOAC. 
Starting in like manner from the equations AB =Q vab, AC = Vac, we have 


ACOAB — ABIAC = Ln 


multiplied by 
cde + cde, 
pe 


Ow + (a-c-d-e+a+y+ 
( “Wacfb,d,e, — Vaie,f,bde bde) 


Vacfae,t, Oa +(a—b—d—e+at+y+ — 


a 


+ (— Vabfe,d,e, — Va,b,f,cde) 
+ Vbdeb,d.e, 


e 

va am + ( Oise! dine doo ROEE 
| +(e 
[- 


a 

l Qu 

| © 

ș + 

kog 

2 

K 

eee oe a eae 


which, omitting the factor Bon is 


={ afb, vbca,d,e,f, — a fib Vb,c,adef } ji ae +(a—c—d-etaty+ Ei = Sa) au | 

+} cde, Vb,c,adef — cde Vbea,die,f,} i|- ðw + ( b+ fra OR abf + aa a) an] 
+ {— afc, Vbea,dhe,f, + afic V b,c b,c,adef } | Om + (a-v —d-e+u+yt nee bite) an | 
+{— bde, Vb,c,adef + b,de Vbea,d.e,f, i|- do + ( e+ e be | an | 


and here the whole coefficient of da is 
= (b, — cı) (af — de) Vbea,d,e,f, — (b — c) (af, — die.) Vb,c,adef, 
viz. observing that b,-—c,=b—c=b—e, this is 
=(b —c) [af — de — (a+ f — d — e) x] ype — [af —de—(a+f—d — e) y] Vb,c,adef}, 
or, what is the same thing, it is 
= (b — 0) {[- (a — d) (a — e) + (a + f — d - ¢) a] V bcmdieif, 
—[-(a—d)(a-—e)+(a+f—d—e)a] Vb, c,adef}. 
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The coefficient of ðu contains the factor Vbca,d,e,f,, multiplied by 


afb, (a-c-d-erety+ 4 Hones) 


— ade ( rie ioe) 
— afc, (a—b-d-etaty+ mornin) 
+ bide ( ty nang eee 


here the terms divided by @ destroy each other, and the expression of the coefficient 
of “bea,d,e,f, becomes 

= (b, — ¢,) [af (a — d — e +æ + y) + de ( f— æ — y)] + (af — de) (be, — cb,), 
or since b, — c =b- c, be — cb, = — (b — c) y, this is 

=(b—c)[af (a — d — e +æ + y) + de(f— æ — y) -— (af — de) y], 
=(b — c) [af (a — d — e) + def + (af — de) a], 
and is readily reduced to 
(b- c)[(a—d)(a—e)f—(a—d)(a—e)a], =(b—c)(a—d)(a-—e)f: 

viz. the coefficient of ðu contains the term (b—c)(a—d)(a—e)fVbcade,f, There is 


a like term —(b—c)(a—d)(a—e)f,Vb,c,adef, and the two terms together form the 
whole coefficient of ĝu. 


which is 


Hence, restoring the outside factor 4 6 2 œ we have 
ACAB — ABAC 
-2 mo- c) tl (a—d)(a—e)+ (a+f—d-—e)al] Vbca,d.e,f, 
-[- (a — d) (a — e) + (a + f— d — e) a] Vbiciadef} da 
+ (a — d) (a — e) {f Vbca,die,f, — f, Vbiciadef} au | , 


where, as before, I retain ðw instead of its value =ðv—aðu. This is a sum of 
products of the set be: the products, in fact, are 


Ja Vide =5{- a Vbea,dherf, + a, Vb,c,adef}, 


MdVaem, E gg +d) OG 
Vevad =, {—e » +e, ” I 
Vf ~be at {+f ” Ey fi » ‘3 
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whence, observing that a—f=a,—f,;=a—/, we have 


Vade + Vf ~be EHE -É Wboadieif, — Vb,c,adef} À 
it is clear that the term in question is at once expressible as a sum formed with 


the products ya Vde and Vf sbc. 


It is to be remarked that there are 15 expressions such as AdB-— BOA, and 
45 expressions such as ACOAB—ABOAC; and that each of these (15+ 45=)60 ex- 
pressions is a sum of products of a set such as ab: and that there are also 60 
expressions of the form AdAB—ABOA, and that each of these is a sum of products 
of a set such as aba,b,. 


Expression of 2X — (QY, =4 M. — 
We assume Q Q — (00) = 4 MO?, where M is a quadric function of du, dv; suppose 
M = A (Ow)? + 2B du dv + È (wY. 
It is to be noticed that the XM, B, © are not all of them arbitrary functions of (æ, y) 
A (OQ) 


or (u, v); we, in fact, have 4M Sain yoga log Q; and hence M, B, © satisfy the 


conditions 


dt dB dB dG 


dv du’ dv du’ 
Taking A, B, © as functions of æ, y, these become 


(Gt y=) VX = (+ aA VY, 


da dy 
erir- (Bon 


Putting for the moment 
A=a +b +c, ped +e +f, p=N+p, 
p=ab+acthe, c=de+df+ef, g=urte, 
v = abe, T =def, r=v +r, 
I found it convenient to assume 
C=-—2 (2 + ay +y) +p (e +y), 
where observe that p, =a+b+c+d+e+/f, is symmetrical in regard to the constants 
a, b, c, d, e, f. And then, © having this value, there exists (as is seen at once) a 
value of P, =2 (æy + æy’) — psy, for which 
S. a 


o 3, 6 _ 
da’ de" dy 7 


+y dy +” dy 


0, 


and which thus satisfies the second of the above-mentioned conditions. 
OOX. 26 
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Assuming now 
Y= — 2a*y? + qey — r (+ y)— uo + O, 


where ® has to be determined so as that the first of the same conditions may be 
also satisfied, then substituting this value of X, we have 


(27 = py} +gy-r+- y= (20° — por + ger S°) VY; 
that is, 
(- d@O\ j 
Ma SR AE aL ow) VX = (- abe — def + a VV, 


viz. in the terms independent of © writing for yX, yY their values, this is 


(abe + def) Vanb,c,d,e,f, — (b,c, + diexf,) Vabcdef + 2 al Xe ay VY Y=0, 
or, what is the same thing, 
_ (Wabeabe, — Vdeided,) (wdetasb.g, = te fale) a E = V¥= 0. 


But treating © as a function of u and v, we have 


d®@ dOdz dO dy _ d® 
du d w dy do a (Ge VX - 5, YY): 


also 


Vide = 7 (Vdefabic, — Vd,e,habe) ; 
and we thus reduce the equation to 


_ (Vabca,b,¢ abca,b,c, — Vdefd,e,f, defd,e,f,) Vde + oe 0. 


But, referring to the expression for aVab, we have, by a mere interchange of letters, 
oy de = — } (Vabca,b,c, — Vdefd,e,f,), 


and the formula thus becomes 
d® 


= tar. Yess 
2 Vde = Vde + ag ne 


consequently 
@ =—(Vvde) =— a (abed,e,f, + abcdef — 2V XY), 


and the value of 2 thus is 
Y= at abed,e,f, — abcdef + 6? (— 2a°y? + gay — r (æ + y) — wo)} + ro ee 
or, as this may be written, 


1 aie sie 
= (abe — a,b,c.) (def — dye,f,) — 2a°y? + gay — r (æ + y) — po — zX =y YF. 
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Here 
abe — a,b,c, = (v — pa + ra? — a) — (v — wy + Ay? — y’) 


=0[-p +A (+ y)-— (2 + æy + y’)], 
and similarly 
def — d,e,f, = 0 [- otp(at+y)—-(@+ayt+y)]; 
the expression of X contains therefore the terms 
[M-A(wty)+art+ayt+y|[o—p(wty)+a+ayt+y]—po—r (ety) +qay ay, 
viz. for r, q substituting their values v +r, w +p, these terms are 
=—(upt+orA+v+7)(a@+y)+(m+atrp)(a+y) 
— A+ p)(@+y)(@ + ay +9) +(e + ay + yY — Baty’. 
The coefficients pp+oX+v+7, wtot+Ap, N+p are, in fact, symmetrical functions of 
a, b, c, d, e, f, viz. writing 
AX=a-—“2.b-—a2.c—u.d—w.e-«. f—2a, 


= A — Bg + Ca*— Da? + Eat — Fa’ + 2, 
that is, 
A=abedef, B= ZŁ abcde, c= Xabed, D= È abc, E=Zab, F= a, 
(F=a+b+c+d+e+f, which has in fact previously been called p), we have 


pptoXN+v+T=D, pt+o+rAP=E, AX+p=F, 
and the terms are 


=—(@+y){D-—E(a@+y)+F(@+ay+y)} + of + ay + wy? wey + yt; 
viz. we have 
1 Y TT \o 
A=- VX —VY) | 
—(@+y){D—E(@+y) +F (2 + ay + y)j + (a + 2aty + ay? + 2ay? + yt). 


To this I join, the foregoing values of B, ©; viz. writing F in place of p, these 


are ‘ 
B= — Fay +2 (ay + ay’), 


G=Fr(wt+y)—-2(#+2y+y7), 


where it will be noticed that the values of A, B, © are all of them symmetrical 
in regard to the constants a, b, c, d, e, f. 


I recall the original form of X, viz. this was 
A=- po —r (x +y) + q ay — 22y? — (V de} 
= — (ab + ac + be) (de + df + ef) — (abe + def) (x+y) 
+ (ab + ac +be + de +df+ ef) xy — 22y? — (N de} 


aiik 26—2 


www.rcin.org.pl 


204 A MEMOIR ON THE DOUBLE 9-FUNCTIONS. [665 


suppose; and A, X, © denoting as above, we have 
M =A (dul? + 2B ðu v+ C (vy, Q PNQ -— (QF = 4} M. 


For the subsequent calculation of A@A —(3AF, it is convenient to transform this 
expression by introducing therein ðw in place of dv, and a, a in place of æ, y. We 
have . 


M = {91, — (Wde)?} (du)? + 28 du (dw + a du) + C (Oa + a Ou? 


= {A — (Vdey} (Ou)? + 2B’ du da +0’ (day, 

suppose, where 

@ =, 

Y =H +a, 

A = A, + 2aB + 0°. 
Writing 

L=A-a Y=a—H, 

we find 


© =-— 6a? + 2aF + (Ga — F) (a + a) — 2 (a? + aa, + a’), 
B= 40 — aF + (— 6a? + aF)(a+a,) + 2a (a? + a”) + (8a — F) aa, — 2 (aa, + aa’), 
YI, = — (ab + ac + be) (de + df + ef) 
— (abe + def) (2a — a — a) 
+ (ab+ac+be+de+df+ef)[a—a(a +a) +aa,] 
— 2[a?-—a(a+a,) + aa P, 
the developed value of which is 
=— 2a! +a (b+c) +a (—be+de+df + ef) 
+ a{—2def—(b + c) (de +df + ef)} —be (de + df + ef) 
+ {4a —a?(b+c)—a(de+df+ef)+def} (a+ a) 
— 2a? (a? + aP) + {— 8a? +a (b +c)+ be + de+df + ef | aa, 
+ 4a (a?a, + aa?) 
— 2a?a,?, 
and thence without difficulty 
© =— 6a? + 2aF + (6a — F) (a + a) — 2 (a? + aa, + a’), 
B’ = — 8a? + æF + (6a — F) aa, — 2 (a2a, + aa,”), 
Ay = a(b+c)+a?(—be+de+dft ef) + a |— 2def—(b +c) (de+ df+ ef)} —be(de+df+ef) 
+ {|-a@+ae(d+e+f)—a(de+df+ef)+def}| (a+a) 
+ {4a? + a(—b—c — 2d 2e— 2f) + be + de + df + ef} aa, 
— 2a’a,’, 


which are the required values, 
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Expression for AFA —(0AF: several subheadings. 
Writing for shortness A @A —(0d)?=AA, as before, and so in other cases: then 


in general APQ= P?AQ+QAP, and thence AP?=2P°AP or AyP= 2 AP. Hence 


starting from A =Q /a=0 Vaa, we have 
AA = AQ Vaa, = aa, AQ Tia zh = (aay + a,Aa), 
where 


Aa =a Fa — (da)? = — a æ — (0x), Aa =—ad?y — (dy). 


Hence writing 
AO, = 1 MO?, 
we have 
3 L AA = łam M- } (a+ ade) — 4 i (ou) + ~ (ay) l. 
But we have 


aa = VŽ (au — yu), a=- > e —& Ow) ; 
squaring the first of these and differentiating, we find 


2X í 2X 
20% Ca = (- F +3) On + - = 2y] (Ov — yOu)? — dy i Be (ov — y ou), 


where as regards X the accent denotes differentiation as to æ (and further on, as 
regards Y, it denotes differentiation to y), viz. this is 
+ Gee 2X 
= \(- + z) oL + -r F | (ov — y du)? — 2oy Pra g @v— y du), 


= (- met 5) dx (Ov — you)? + = Gy — y ðu — 0 du) (Ov — y Ou) dy, 
where the second term is i 
ae z (Ov — x Ou) (Ov — yOu) Oy, 
which is 


=— ae (Ov — x Ou)? Ou: 


hence dividing by 20”, the equation is 


au =(— + + Sp) @o— —y ðu’ — vxY 


æ Ou); 
and similarly 


oy = SS Go y ouy + (5+ Ja) (Ov -sur ; 


and we may in these values in place of 0dv-—you and dv—«#du write do +a ðu and 
do + a ðu respectively. 
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Hence in i AA the irrational part is 

VXY i 
4 E {a, (Oo +a uF — a (Ow + a DUY} 


ee 


(a —a) (On) — am uy} = EET (Gay — an, uy 


But we have 


(~de ada p bedet, + abcdef- 2V XY XY), 
whence 


ad ate a (abed,e,f, + a,b,c,def) — $ (vde) ; 


and the term thus is 


E (abed,e,f, + a,b,¢,def) — 4 (v dey {(Oar)? — aa, (Ou)?}. 


Joining hereto the rational part of os 1 AA, and multiplying the whole by 4, we have 


4 2X X'\ a 
m 44 =a M+ | ( wg) ge Fl (Om + adu) 


22: 2a, 


+ E (abcd,e,f, + a,b,¢,def) — (v dey | {0m} — aa, (du)*} 
where M has its foregoing value = { 


A — (Vde)*} (du)? + 2B’ du dw + 6 (da). 


First step of the reduction. 


Writing bedef= U, b,¢,d,ef,= U,, then X =aU, Y=a,U,, and consequently 


X’=—U+al'’, Y'=—U,+a,Uy, 

the accents in regard to U, U, denoting differentiations as to æ, y respectively: then 
2X X’\ 2a X | (2aU U-aU\ 2,aU 2U U\ aT. 

«(pe -a) ech ate oe ee Boel ame 


and similarly 
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The formula thus becomes 


$ A= ak | M+ = - 5) he # odie (7 F) (Oo + au) 


QO? 


- fg Gbode +abieidet) — (dey (ou 


- U (eer + mbu) — 9 our + a Duy 


+ 15 (abed,e,f, + a,b,¢,def) — (V doy!) (aa), 


viz. substituting for M its value, the term in (Vde)?(du)? disappears, and the formula is 
= AA = aa, | a (du? + 2B'dudw + © (da)? + (Fe = e (Oo + a, Ow)? 
+ (- Ki — (Oo + a duf — 5 (abedief, + abcdef) (uy 
— aT (a + a, ðu’ — T (do + aduy 


+ l (abed,e,f, + a,b,c,def ) — (v ae) (ð T) : 


say for shortness this is 


4 
g: 44 


=a} — U (am +a 0u} — na (Oo +aduy + 7% (abed,e,f, + abcdef) — (Vde)? (da). 


Second step of the reduction. 


In the reductions which follow, we make as many terms as may be to contain 
the factor aa,, so as to simplify as much as possible the portion not containing this 
factor. 


We have da + a,u = (Œœ + 0 ðu) +a du, and consequently 
(Ow + a, du)? = (Oa + 0 duf + aP, 
where P= 2 ðuðw + (a + 20) (dw): similarly do + a ðu = (ðw — 0 du) + a, ðu, and therefore 
(do + adu)? = (dw — 0 du + aP, 
where P, = 20u 0w + (a, — 20) (Qu)?: the values may also be written 
P = 20u ðv + (2a, — a) (ðu}, P, = 2 ðu dm + (2a — a) (Ou). 
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The formula thus becomes 


4 U U, 
4 AA = an, {5-9 P- a? 


_ = (do + 0 du)? — i (do — 0 du) + pabedherf + abcdef) (6a)? , 
— (Vde)? (da). 


The second line here is 


— (a U + a U1) (Ou)? gA (a,U — a U1) duda 
0 


A x {— aU —aU, + abcdye,f, + a,b,c,def} (dar)? 


and the coefficient herein of (0w) is = zade — adef) (be — b,c). Writing for the 


moment d—a, e—a, f—a=d’, ée’, f’, we have 


3 (ad,e,f, — adef) =- . 


awa AE +m taf ta)—ad ta.e taf’ +a)} 


=- def’ +aa(d' +e +f’ +at a), 
1 
g (be — byes) = — (V +o +a + a). 


The whole term in (da) is thus 


={b' +c +a+a,) def’ + aa, (V +c tata) (d +e +f’ +at+a,)} Oa) 


The coefficient of ðu ðw is — S (aU —alU,): viz. this is 


2 if 1 , 7 / / 7 / 7 / / 
= ry fa (b' +a. +a.d +a.” +a. f +a) alb +a. +a. d Hae Ha. Sf +a), 
and if 
bV +a.c+a.d +a. +a. f +a = B +a + Da? + Ea? + Fat + a’, 
that is, 
B'=bodef; C=k0cedd, D=2b'dd, E =e, 
F =2b =b +i +d +H, 
this is 


= 2 {B' — D'aa, — E'aa, (a + a) — F'aa, (a? + aa, + a?) — aa, (a? + a'a, + aa, +a’): 
or say for shortness it is =—2(B’—aa,®) where 
® = D + E (a +a) + F (a? + aa + a?) +a? + aa + aa,’ + a,’; 
the term in question thus is — 2 (B' — aa, ®) ðu ôw. 
The coefficient of (du)? is — (aU + aU), viz. this is 
—a (b +a.c+a.d +a.” +a. f +a)—a(b +a. +a. d +a,.e¢+a,.f’ +a), 
which is =-— (a + a) B’—aa,V, where 


Y = 2 + D (a +a,) +E (a? +a?) + r (a? +a?) + at + a4 
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The formula thus is 
ee EE VET —(V+e+ata)(U+eé+f’ dar)? + 2D Ju ðm — Y (du)? 
op 44 =aa j- a P- oP (T+ +f’ + at a) (Oa) + 2 dude — Y (du) 
—(a + a) B' (Ou)? — 2B’ du dw + (V +c +a +a) def’ (day — (def (Aa). 
The whole coefficient of aa,, substituting for =, P, P,, ®, Y their values, and arranging 
according to ðw, du, is 


EA SA 2U U; Te ‘eave 
= (09) 16 + path a) Cte tata@+ers'tasayh 


+200 du B +a, (Z =) (25 z) UA U 


C a O a a a 
+D +E (a+ a) +F (a? +aa + a?) +a? + a’a, + aa? + m} 

, 20 2 of SU Un 

— 3 (abed.eyf, + a,b,e,def) — 20 — D (a + a,) — E (a? + a?) — F (a? + a?) — at — att 


and we have to reduce separately the three coefficients of this formula. 


Third step of the reduction. 
First, for the coefficient of (da); recollecting that @=a,--a, we have 


U= 


AE 


— 20’ — 2D' (a + a) — 28’ (a? + aa, + a?) — 2F (a? + ata, + aa? +a’) 
— 2 (at + a'a + a7a,? + aa,’ + at), 
—(U' + Ur) = 2c’ + 2D’ (a +a) + 3E’ (a? +a?) + 4r (a? +a’) + 5 (at + ać). 


Adding these, the right-hand side divides by (a,—a)*, that is, by @; and the resulting 


value is 
=F’ + 2F (a+ a) + 3a? + 4aa, + 3a,’, 


The term — (b +e +a+a)(d +e +f'+a+a), attending to the values of E’ and F, is 
=Ve'+de+df'+éf’—w — rF (a+a,) — a?— 2aa, — a,’; 
hence the whole coefficient of (da) is 
=C +b" +de + df + ef +F (at+a,) 2 (a?+aa, +a’), 
or substituting for b’, c’, d’, €, f’ their values, this is 
=@ +4a?—a(b+ce+2d+2e+2f)+be+de+df+ef+ (F — 6a) (a+ a)— 2 (a? + aa, +a’). 


Proceeding next to reduce the coefficient of 20a ðu, observing as before that 0 = a —a, 
we have 


2a, U oat U: _ on — 2D'am — 2n’am, (a + a,) — 2F’aa, (a? + aa, + a,”) — 2aa, (a° + aa, + aa? + at), 


, ox. 27 
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also 

—(a,U' + U) — (aU; + U,)= 

— 2p’ + D' (— a? + 4aa, — a?) + E' (— a® + 3a’a, + 3aa,? — ai?) + F’ a at + 4a%a, + 4aa,? — a,‘) 
— a + data, + 5aa,*— a,° ; 


adding these two expressions, the right-hand side divides by (a,—a)?, that is, by @, and 
the resulting value is 


=— D—E£E' (a+a,)—F (a? +a’) —a®+a’a, + aa? — ai. 
To this is to be added M 
| + 2D' + E' (a+ a) + F (a? + aa, +a?) + a? + aa HOPENI ats 
we thus see that the whole coefficient of 29u 0m is 


=D’ + F’aa, + 2 (aa, + aa,”), 
or say it is 
= D' + (F — 6a) aa, + 2 (a’a, + aa’). 


Lastly, for the coefficient of (ðu); we have 


2a U — 2a?U, 
0 


and also 
—a2U' + (a — 2a) U — a U; + (a, — 2a) U = 
—B (a +a) + œ (2a? — 4aa, + 2a,?) + D’ (a? + a?) + E' (at — 2a?a, + 6a%a,? — 2aa,* + at) 


= 2p’ (a + a) + 2C’aa, — 2E’a’a,? — 2P’a’a,? (a + a) — 2a%a,? (a? + aa, + a’), 


-+F (a — Qata, + 4a%a? + 4ar%a,? — Qaa,* + a,°) + (af — ava, + Sata? + 5a%a,t — 2aa,> + a,°), 
whence the sum of these two expressions is 
= B' (a +a) +C (2a? — 2aa, + 2a.) +D (a? +a?) +E (at — aia, + 4a’a,? — 2aa,? + at) 

+ F (a5— 2ata, + 2a’a,? + 2a7a,? — 2aa,t + a,°) +a° — 2a%a, + 3aʻa,? — 2a%a,? + Zaa, — 2aa,> + a,°. 

We must to this add the term — (abcd,e,f, + a,b,c,def), that is, 

—a(b +a.d +a.d +a. e +a f +a)—a,(b +a.c¢+a.d+a.e+a.f’+a). 
Putting for the moment 
d +a.” +a. f +a= T +a + pa? +a’, 
tr=déf’, =de +af tef, Pdter] 


that is, 
the term is 
— b’e'r' (a +a) — (b +e) r (a+ a?) — 7 (a? + a?) — (b'e + o’) (a®a, + aa,’) 
— (b +e + p’) (afa? + a?a,?) — 2a?a,? 
— 2b’c'o’aa, — [(b + c) o + b'c p'] (aa, + aa?) — 2 (b + c) p'ata. 
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Adding it to the preceding expression, the sum is 
= (B’ — D’c'r’) (a+a,) + {20 — (b + c) r} (a? +a?) + (D — 7’) (a? + a?) +E (attat) 
+ {— 20 — 2b’c’o"} aa, — {(b' +c’) o + U’c’p’} (a?a, + aa?) — (2E +b + o’) (a’a, + aa?) 
+ {4E —2 (b +c) p'} aa’ 
+ F(a +a’) + af+a,° 
— 2F (afa + aa‘) — 2 (aba, + aa’) 
+ (2F’ — b’ — d — p’) (aa? + a?a?) + 3 (afa,? + afat) — 4a%a,*. 
This is, in fact, divisible by (a,— a}, that is, by 6°: for we have between the symbols the 
relations 
F=0'+c'+ 9’, 
E=0bc'+(b +A +o’, 
bep + (b' tHe +7, 
Cc =b + (b +c) 7’, 
B =b¢'r'’, 
and we thus reduce the expression to 
{20’ — (b + c') 7’} (a? — 2aa, + a?) + (D’ — 7’) (a? — a’a, — aa? + a?) 
+ E’ (at — 3a’a, + 4a’a,? — 3aa,? + at) + (b +c’) p’ (aa, — 2a?a,? + aa?) 
+ F (a’ — 2a‘a, + afa? + a’a,* — 2aa, + a,°) 
+ (af — 2ařa, + data,’ — 4a%a,’ + 3a’a,t — 2aa,’ + a’), . 
viz. effecting the division, the quotient is 
= 20 — (b +) r + (D — 7’) (a +a) +E (a? +a?) + r (a? + a?) + at + Qa’a,? + a, — (b'e +0’) aay. 
To this must be added 
— 2c’ — D’ (a + a) — E (a? +a?) — F (a? + a’) — (at + ai); 
and we thus obtain the coefficient of (du)? in the form 
MW —(b' +c) 1 — Tr (a+ a) — (b'e + o’) aa, + 2a’a,’, 
viz. this is 
=W + (b +0 — 2a) (a — d) (a — e) (a — f) + (a — d) (a — e) (a—f) (ata) 


+ {— (a — b) (a — c) — (a — d) (a — e) — (a — d) (a - f) — (a — e) (a — f )} aa + 28a’, 
27—2 
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or finally it is 
= I) — 2a + a? (b+ 04+ 2d + 2¢+ 2f)+a? {—(b+c)(d+e+f)—2(de+df+ef)} 

+a {(b +c) (de + df + ef) + 2def} —(b + c) def 

+ {a—a? (d+e+f)+a(de+df+ ef)— def} (a +a) 

+ {— 4a? + a (b+c + 2d + 2e + 2f) — be — de— df — ef} aa, 

+ 2a?a,”. 
It is to be observed that the investigation thus far has been entirely independent of- 
the values of MW’, W, ©: these values are, in fact, such as to make the coefficients 
of (da), dw du, (dw)? each equal to a constant, and it was really by such a condition 
that the value of ©(=@’) was determined; but if we had thus also determined the 
values of M’ and %’, it would not have been apparent that the values of M’, B’ 
and @’ thus determined would be consistent with each other: the foregoing investi- 
gation of these values was therefore prefixed. 


Completion of the reduction and final expression for AA. 


But now substituting the values of W, W, C’, we find 


coeff. of (Qa)? = ab+ac+be+de+ df+ ef, 

» » 20e70u=—a?(a—b—c—d—e-—f), 

(du)? = — 2a4+ 2a? (b+e+d+et+/f) 
— a? (be+bd + be + bf +ed + ce+of+de+df+ ef) 
— (bede + bedf + beef + bdef + cdef), 


viz. these coefficients belong to the portion which contains the factor aa, of the 


” ” 


expression for = AA: the other portion was 


b +c! +a+a,)de'f' (dx)? —(Vde) (da) — 2B’ dudw — (a +a) B' (dU, 
where 
B=D'cdef’, b'=b—a, etc. 


We have thus the complete result, viz. this is 
SAA = am [(ab + ac + be + de + df + ef) (Om) 
—& (a—b—c—d—e-—f) 207 du 
— 2af + 2a (b+c+d+e +f) 
elatis wsio vet deta ai 
— (bede + bed f + beef + bdef + cdef) ue 
— (—2a+b+e+a +a) (a—d)(a—e)(a—f) (da)? — (Vde) (da)? 
+ (a — b) (a — c) (a — d) (a — e) (a — f) 20uda 
+ (a + a) (a — b) (a — c) (a — d) (a — e) (a — f ) Ou)’, 


which is obviously a sum of squares. 
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As a partial verification, I remark that AA should be symmetrical in regard to 
the constants b, c, d, e, f; this is obviously the case as regards the terms in dwdo 
and (dw), and it must also be so in regard to the term in (és). The whole 
coefficient of (dw)? is 


= aa, (ab+ac+be+de+df+ ef) 
—(—2a+b+ce+a+a,)(a—d) (a -— e) (a—f)—(Vde)’, 
and if we interchange for instance b and d, this coefficient becomes 
= aa, (ad + ac + cd + be + bf + ef) 
—(—2a+d+c+a+a,)(a—b) (a—e)(a—f) — (Vbey. 
These two expressions must be equal; viz. we must have 
(Vbe)? — (Vde)? = — aa, (b -—d)(a+c—e—f)+(a—e)(a—f)(b—d) (—a+ce+ata): 
the left-hand side is 
j zod, — b,d).(efaici — eyf,20), 


and we have 


bd, — bd = (b— d) 6; 


hence, throwing out the factor b—d, the equation to be verified becomes 


5 (efmo, — e fiac) =—aa,(a+c—e—f)+(a—e)(a—f)(—a+e+a+a,). 
Writing 
e=¢ +a, ete, 0=a-—a, 
the left-hand side is 
(ata)ef +aa (e +f) +eef — aa, - 


and the right-hand side is 


-aa (d -e f’) + ef (d tata), 
and these are equal. 


There are of course, in all, six expressions such as AA, each of them being by 
what precedes a sum of squares. And there are besides ten expressions such as 


AAB, =AB@AB-(OABY, 


each of which should be a sum of squares: but I have not as yet effected the 
calculation of this expression AAB. 


Cambridge, 7th December, 1877. 
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